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TECHNIQUES OF COMPUTATIONS OF DOLBEAULT COHOMOLOGY OF
SOLVMANIFOLDS
HISASHI KASUYA
Abstract. We consider semi-direct products Cn ⋉φ N of Lie groups with lattices Γ such
that N are nilpotent Lie groups with left-invariant complex structures. We compute the
Dolbeault cohomology of direct sums of holomorphic line bundles over G/Γ by using the
Dolbeaut cohomology of the Lie algebras of the direct product Cn × N . As a corollary of
this computation, we can compute the Dolbeault cohomology Hp,q(G/Γ) of G/Γ by using
a finite dimensional cochain complexes. Computing some examples, we observe that the
Dolbeault cohomology varies for choices of lattices Γ.
1. Introduction
Let G be a simply connected solvable Lie group and g the Lie algebra of G. We assume
that G admits a lattice Γ and a left-invariant complex structure J . We consider the Dolbeault
cohomology H∗,∗
∂¯
(G/Γ) of the complex solvmanifold G/Γ. We also consider the cohomology
H∗,∗
∂¯
(g) of the differential bigraded algebra (shortly DBA)
∧∗,∗
g
∗ of the complex valued left-
invariant differential forms with the operator ∂¯.
The purpose of this paper is to prove that one can compute the Dolbeault cohomology of
certain class of solvmanifolds G/Γ by using finite dimensional DBAs. In this paper we consider
a Lie group G as in the following assumption.
Assumption 1.1. G is the semi-direct product Cn ⋉φ N so that:
(1) N is a simply connected nilpotent Lie group with a left-invariant complex structure J .
Let a and n be the Lie algebras of Cn and N respectively.
(2) For any t ∈ Cn, φ(t) is a holomorphic automorphism of (N, J).
(3) φ induces a semi-simple action on the Lie algebra n of N .
(4) G has a lattice Γ. (Then Γ can be written by Γ = Γ′ ⋉φ Γ′′ such that Γ′ and Γ′′ are lattices
of Cn and N respectively and for any t ∈ Γ′ the action φ(t) preserves Γ′′.)
(5) The inclusion
∧∗,∗
n
∗ ⊂ A∗,∗(N/Γ′′) induces an isomorphism
H∗,∗
∂¯
(n) ∼= H∗,∗∂¯ (N/Γ′′).
Let α : Cn → C∗ be a character (i.e. a representation on 1-dimensional vector space Cα)
of Cn . By the projection Cn ⋉φ N → Cn, we regard α as a character of G as in Assumption
1.1. We consider the holomorphic line bundle Lα = (G × Cα)/Γ and the Dolbeault complex
(A∗,∗(G/Γ, Lα), ∂¯) with values in the line bundle Lα. Let L be the set of isomorphism classes
of line bundles over G/Γ given by characters of Cn. We consider the direct sum⊕
Lβ∈L
A∗,∗(G/Γ, Lβ)
of Dolbeault complexes. Then by the wedge products and the tensor products, the direct sum⊕
Lβ∈LA
∗,∗(G/Γ, Lβ) is a DBA.
Theorem 1.2. There exists a subDBA A∗,∗ of⊕
Lβ∈L
A∗,∗(G/Γ, Lβ)
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such that we have a DBA isomorphism ι :
∧∗,∗
(a⊕ n)∗ ∼= A∗,∗ and the inclusion
Φ : A∗,∗ →
⊕
Lβ∈L
A∗,∗(G/Γ, Lβ)
induces a cohomology isomorphism.
See Section 3 for the construction of A∗,∗.
Corollary 1.3. We have the finite dimensional subDBA B∗,∗ = Φ−1(A∗,∗(G/Γ)) of A∗,∗(G/Γ)
such that the inclusion Φ : B∗,∗ → A∗,∗(G/Γ) induces a cohomology isomorphism
H∗,∗
∂¯
(B∗,∗) ∼= H∗,∗
∂¯
(G/Γ).
See Corollary 4.2 for the construction of B∗,∗.
Remark 1. Let N be a simply connected nilpotent Lie group with a lattice Γ′′ and a left-
invariant complex structure J . Like Nomizu’s theorem ([8]) for the de Rham cohomology of
nilmanifolds, it is known that an isomorphism H∗,∗
∂¯
(N/Γ′′) ∼= H∗,∗∂¯ (n) holds if (N, J,Γ′′) meet
one of the following conditions:
(N) The complex manifold N/Γ′′ has the structure of an iterated principal holomorphic torus
bundle ([3]).
(Q) J is a small deformation of a rational complex structure i.e. for the rational structure
nQ ⊂ n of the Lie algebra n induced by a lattice Γ′′ (see [11, Section 2]) we have J(nQ) ⊂ nQ
([2]).
(C) (N, J) is a complex Lie group ([13]).
By using Corollary 1.3, we actually compute the Dolbeault cohomology of some examples
in Section 5. Unlike nilmanifolds, we observe that in many cases the Dolbeault cohomology of
solvmanifolds can not be completely computed by using only Lie algebras. Moreover we give
examples of non-Ka¨hler complex solvmanifolds with the Hodge symmetry.
Remark 2. If N has a nilpotent complex structure (see [3]), then (
∧∗,∗
(a⊕n)∗, ∂¯) is the minimal
model of the DBA
⊕
Lβ∈LA
∗,∗(G/Γ, Lβ) (see [9]).
2. Holomorphic line bundles over complex tori
Lemma 2.1. Let Γ be a finitely generated free abelian group and α : Γ→ C∗ a character of Γ.
If the character α is non-trivial, then we have H∗(Γ,Cα) = 0.
Proof. First we assume Γ ∼= Z. Then we have
H0(Z,Cα) = {m ∈ Cα|α(g)m = m, for all g ∈ Z} = 0.
Like the de Rham cohomology of S1, by the Poincare´ duality we have
H1(Z,Cα) ∼= H0(Z,Cα−1)∗ = 0,
and obviously Hp(Z,Cα) = 0 for p ≥ 2. Hence the lemma holds in this case. In general case,
we consider a decomposition Γ = A ⊕ B such that A is a rank 1 subgroup and the restriction
of α on A is also non-trivial. Then we have the Hochshild-Serre spectral sequence Er such that
Ep,q2 = H
p(Γ/A,Hq(A,Cα))
and this converges to Hp+q(Γ,Cα). Since H
q(A,Cα) = 0 for any q, we have E2 = 0 and hence
the lemma follows. 
We consider a complex vector space Cn with a lattice Γ. Let α : Cn → C∗ be a C∞-character
of Cn. We have the holomorphic line bundle Lα = (C
n ×Cα)/Γ over the complex torus Cn/Γ.
We define the equivalence relation on the space of C∞-characters of Cn such that α ∼ β if
αβ−1 is holomorphic.
Lemma 2.2. Let α : Cn → C∗ be a C∞-character of Cn. There exists a unique unitary
character β such that α ∼ β.
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Proof. For a coordinate (x1 +
√−1y1, . . . , xn +
√−1yn) ∈ Cn, a character α is written as
α(x1 +
√−1y1, . . . , xn +
√−1yn) = exp(
n∑
i=1
(aixi + biyi +
√−1(cixi + diyi)))
for some ai, bi, ci, di ∈ Rn. Let α′ be the holomorphic character defined by
α′(x1 +
√−1y1, . . . , xn +
√−1yn) = exp(
n∑
i=1
(−ai(xi +
√−1yi) +
√−1bi(xi +
√−1yi)).
Then the character β = αα′ is unitary. If a unitary character is holomorphic, then it is trivial.
Hence such β is unique. 
Lemma 2.3. ([10]) Let β : Cn → C∗ be a unitary C∞-character of Cn. Then the holomorphic
line bundle Lβ is trivial if and only if the restriction of β on Γ is trivial.
Proposition 2.4. Let α : Cn → C∗ be a C∞-character of Cn. If Lα is a non-trivial holomor-
phic line bundle, then the Dolbeault cohomology H∗,∗
∂¯
(Cn/Γ, Lα) with values in the line bundle
Lα is trivial.
Proof. Let β be the unitary character such that α ∼ β as in Lemma 2.2. Then we have Lα ∼= Lβ.
Let D be the flat connection on Lβ induced by β. We have the decomposition D = ∂ + ∂¯ so
that ∂¯ is the Dolbeault operator on Lβ. Since β is unitary, we have a Hermitian metric on
Lβ such that for a Ka¨hler metric on C
n/Γ we have the standard identity of the Laplacians of
D and ∂¯ (see [4, Section 7]). Hence we have an isomorphism H ∗¯
∂
(Cn/Γ, Lβ) ∼= H∗D(Cn/Γ, Lβ).
If Lβ is non-trivial, then we have H
∗
D(C
n/Γ, Lβ) = H
∗(Γ,Cβ) = 0 by Lemma 2.1. Hence the
proposition follows. 
3. The construction of A∗,∗
Let G be a Lie group as in Assumption 1.1. Consider the decomposition nC = n
1,0 ⊕ n0,1.
By the condition (2), this decomposition is a direct sum of Cn-modules. By the condi-
tion (3) we have a basis Y1, . . . , Ym of n
1,0 such that the action φ on n1,0 is represented by
φ(t) = diag(α1(t), . . . , αm(t)). Since Yj is a left-invariant vector field on N , the vector field αjYj
on Cn ⋉φ N is left-invariant. Hence we have a basis X1, . . . , Xn, α1Y1, . . . , αmYm of g
1,0. Let
x1, . . . , xn, α
−1
1 y1, . . . , α
−1
m ym be the basis of
∧1,0
g
∗ which is dual toX1, . . . , Xn, α1Y1, . . . , αmYm.
Then we have
p,q∧
g
∗ =
p∧
〈x1, . . . , xn, α−11 y1, . . . , α−1m ym〉 ⊗
q∧
〈x¯1, . . . , x¯n, α¯−11 y¯1, . . . , α¯−1m y¯m〉.
Let α : Cn → C∗ be a character of Cn. Let (A∗,∗(G) ⊗ Cα)Γ be the space of Cα-valued Γ-
invariant differential forms on G. Then we can identify the Dolbeault complex A∗,∗(G/Γ, Lα)
with (A∗,∗(G)⊗ Cα)Γ. Hence for ω ∈
∧∗,∗
g
∗ and vα ∈ Cα, we have
ω ⊗ (α−1vα) ∈ A∗,∗(G/Γ, Lα).
Let L be the set as in Introduction. By Section 2, we can regard L as the set of isomorphism
classes of line bundles over G/Γ given by unitary characters of Cn. We consider the DBA⊕
Lα∈LA
∗,∗(G/Γ, Lα). We define the DBA A∗,∗ to prove Theorem 1.2.
Definition 3.1. Let x1, . . . , xn, α
−1
1 y1, . . . , α
−1
m ym be the basis of
∧1,0
g
∗ as above. By Lemma
2.2, we have the unitary character βj such that αj ∼ βj . We consider the holomorphic line
bundles Lβ−1
j
over G/Γ. By A∗,∗(G/Γ, Lβ−1
j
) = (A∗,∗(G) ⊗ Cβ−1
j
)Γ, for Cβ−1
j
∋ vβ−1
j
6= 0 we
consider
α−1j yj ⊗ (βjvβ−1
j
) ∈ A∗,∗(G/Γ, Lβ−1
j
).
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Let A∗,∗ be the subDBA of
⊕
Lα∈LA
∗,∗(G/Γ, Lα) defined by
Ap,q =
p∧
〈x1, . . . , xn, α−11 y1 ⊗ (β1vβ−1
1
), . . . , α−1m ym ⊗ (βmvβ−1m )〉
⊗ q∧
〈x¯1, . . . , x¯n, α¯−11 y¯1 ⊗ (γ1vγ−1
1
), . . . , α¯−1m y¯m ⊗ (γmvγ−1m )〉.
Lemma 3.2. Let ι :
∧∗,∗(a⊕ n)∗ → A∗,∗ be the algebra homomorphism defined by
ι(xi) = xi,
ι(α−1j yj) = α
−1
j yj ⊗ βjvβ−1
j
.
Then we have a DBA isomorphism
ι : (
∗,∗∧
(a⊕ n)∗, ∂¯) ∼= (A∗,∗, ∂¯).
Proof. Since α−1j βj is holomorphic, we have
∂¯(α−1j yj ⊗ βjvβ−1
j
) = α−1j (∂¯yj)⊗ βjvβ−1
j
.
This implies ∂¯ ◦ ι = ι ◦ ∂¯. Hence the lemma follows. 
Let g be the left-invariant Hermitian metric on G defined by
g = x1x¯1 + · · ·+ xnx¯n + α−11 α¯−11 y1y¯1 + · · ·++α−1m α¯−1m ymy¯m.
Let β : Cn → C∗ be a unitary C∞-character of Cn. Take Cβ ∋ vβ 6= 0. Then β−1vβ is a
C∞-frame of the line bundle Lβ = (G × Cβ)/Γ. We define the Hermitian metric hβ on Lβ
such that hβ(β
−1vβ , β−1vβ) = 1. Let ∗¯g⊗hβ : Ap,q(G/Γ, Lβ) → An+m−p,n+m−q(G/Γ, L∗β) be
the C-anti-linear Hodge star operator of g ⊗ hβ on A∗,∗(G/Γ, Lβ) and let
δ¯ = ∗¯g⊗hβ ◦ ∂¯ ◦ ∗¯g⊗hβ , g⊗hβ = ∂¯δ¯ + δ¯∂¯
and
Hp,q(G/Γ, Lβ) = {ω ∈ A∗,∗(G/Γ, Lβ)|g⊗hβω = 0}.
We consider the ∂¯-Laplace operator ⊕g⊗hβ on the direct sum
⊕
Lβ∈LA
∗,∗(G/Γ, Lβ).
We consider the basis x1, . . . , xn, y1, . . . , ym of
∧1,0
(a⊕ n)∗. Let g′ be the Hermitian metric
on a⊕ n defined by
g′ = x1x¯1 + · · ·+ xnx¯n + y1y¯1 + · · ·+ ymy¯m.
Let ∗¯g′ :
∧p,q
(a⊕ n)∗ → ∧n+m−p,n+m−q(a⊕ n)∗ be the C-anti-linear Hodge star operator of g′
on
∧∗,∗
(a ⊕ n)∗ and let
δ¯ = ∗¯g′ ◦ ∂¯ ◦ ∗¯g′ , g′ = ∂¯δ¯ + δ¯∂¯
and
Hp,q(a⊕ n) = {ω ∈
∗,∗∧
(a⊕ n)∗|g′ω = 0}.
Lemma 3.3. We consider the isomorphism ι :
∧∗,∗(a ⊕ n)∗ ∼= A∗,∗ as in Lemma 3.2. Then
we have
ι ◦g′ = (⊕g⊗hα) ◦ ι.
Proof. Let ⊕∗¯g⊗hα be the Hodge star operator on
⊕
Lβ∈LA
∗,∗(G/Γ, Lβ). It is sufficient to
show
ι ◦ ∗¯g′ = (⊕∗¯g⊗hα) ◦ ι.
For a multi-index I = {i1, . . . , ir}, we write xI = xi1∧· · ·∧xir , yI = yi1∧· · ·∧yir , αI = αi1 · · ·αir
and βI = βi1 · · ·βir . For multi-indices I,K ⊂ {1, . . . , n} and J, L ⊂ {1, . . . ,m}, we have
∗¯g′(xI ∧ yJ ∧ x¯K ∧ y¯L) = ǫxI′ ∧ yJ′ ∧ x¯K′ ∧ y¯L′
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where I ′, J ′, K ′ and L′ are complements and ǫ is the sign of a permutation. We also have
⊕ ∗¯g⊗hα(xI ∧ α−1J yJ ∧ x¯K ∧ α¯−1L y¯L ⊗ βJγLvβ−1
J
γ−1
L
)
= ǫxI′ ∧ α−1J′ yJ′ ∧ x¯K′ ∧ α¯−1L′ y¯L′ ⊗ β−1J γ−1L vβJγL .
Hence we only need to show
β−1J γ
−1
L = βJ′γL′ .
Since a Lie group with a lattice is unimodular (see [11, Remark 1.9]), the action φ on n is
represented by unimodular matrices. Hence we have αJ α¯LαJ′ α¯L′ = 1. This implies β
−1
J γ
−1
L =
βJ′γL′ . Hence the lemma follows. 
Corollary 3.4. The inclusion
Φ : A∗,∗ →
⊕
Lβ∈L
A∗,∗(G/Γ, Lβ)
induces an injection
Hp,q
∂¯
(a⊕ n) ∼= Hp,q(A∗,∗)→ Hp,q
∂¯
(
⊕
Lβ∈L
A∗,∗(G/Γ, Lβ)).
Proof. We have isomorphisms Hp,q(G/Γ, Lβ) ∼= Hp,q∂¯ (G/Γ, Lβ) and Hp,q(a ⊕ n) ∼= H
p,q
∂¯
(a ⊕ n)
(see [12]). By Lemma 3.3, we have
ι(Hp,q(a⊕ n)) ⊂
⊕
Lβ∈L
Hp,q(G/Γ, Lβ).
Hence the corollary follows. 
4. Proof of the main theorem
Proposition 4.1. Let G be a Lie group as in Assumption 1.1. G/Γ is a holomorphic fiber
bundle over a torus with a nilmanifold as a fiber,
N/Γ′′ → G/Γ→ Cn/Γ′
such that the structure group of this fibration is discrete.
Proof. Consider the covering Cn× (N/Γ′′)→ G/Γ such that the covering transformation is the
action of Γ′ on Cn× (N/Γ′′) given by g · (a, b) = (a+ g, φ(g)b). Hence we have the fiber bundle
G/Γ → Cn/Γ′ with the fiber N/Γ′′ and the discrete structure group φ(Γ′) ⊂ Aut(N). Since
φ(g) is a holomorphic automorphism, this fiber bundle is holomorphic. 
Proof of Theorem 1.2. For Lβ ∈ L, by Borel’s results in [7, Appendix 2], we have the
spectral sequence (Er, dr) of the filtration of A
p,q(G/Γ, Lβ) induced by the holomorphic fiber
bundle p : G/Γ→ Cn/Γ′ as in Proposition 4.1 such that:
(1)Er is 4-graded, by the fiber-degree, the base-degree and the type. Let
p,qEs,tr be the
subspace of elements of Er of type (p, q), fiber-degree s and base-degree t. We have
p,qEs,tr = 0
if p+ q = s+ t or if one of p, q, s, t is negative.
(2) If p+ q = s+ t, then we have
p,qEs,t2
∼=
∑
i≥0
Hi,i−s
∂¯
(Cn/Γ′, Lβ ⊗Hp−i,q−s+i(N/Γ′′))
where Hp−i,q−s+i(N/Γ′′) is the holomorphic fiber bundle
⋃
b∈Cn/Γ′ H
p,q
∂¯
(p−1(b)).
(3)The spectral sequence converges to H∂¯(G/Γ, Lβ).
By the assumption H∗,∗
∂¯
(n) ∼= H∗,∗∂¯ (N/Γ′′), the fiber bundle Hp−i,q−s+i(N/Γ′′) is the holo-
morphic vector bundle with the fiberHp−i,q−s+i
∂¯
(n) induced by the action φ of Γ onHp−i,q−s+i
∂¯
(n).
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Since the action φ on n is semi-simple, the action of Cn on Hp−i,q−s+i
∂¯
(n) induced by φ is diag-
onalizable. The fiber bundle splits as Hp−i,q−s+i(N/Γ′′) = ⊕Lδj for some Lδj ∈ L. Hence we
have
Hi,i−s
∂¯
(Cn/Γ′, Lβ ⊗Hp−i,q−s+i(N/Γ′′)) = Hi,i−s∂¯ (Cn/Γ′,
⊕
δj
Lβ ⊗ Lδj ).
By Proposition 2.4, we have Hi,i−s
∂¯
(Cn/Γ′, Lβ ⊗Lδj) ∼= Hi,i−s∂¯ (Cn/Γ′) if Lβ ⊗Lδj is trivial and
Hi,i−s
∂¯
(Cn/Γ′, Lβ ⊗ Lδj)) = 0 if Lβ ⊗ Lδj is non-trivial. Hence we have
Hi,i−s
∂¯
(Cn/Γ′,
⊕
Lβ∈L
Lβ ⊗Hp−i,q−s+i(N/Γ′′)) ∼= Hi,i−s∂¯ (Cn/Γ′)⊗H
p−i,q−s+i
∂¯
(n).
For the direct sum
⊕
Lβ∈LA
∗,∗(G/Γ, Lβ), we consider this spectral sequence Er. Then we have
p,qEs,t2
∼=
∑
i≥0
Hi,i−s
∂¯
(Cn/Γ′,
⊕
Lβ∈L
Lβ ⊗Hp−i,q−s+i(N/Γ′′))
∼=
∑
i≥0
Hi,i−s
∂¯
(Cn/Γ′)⊗Hp−i,q−s+i
∂¯
(n)
This implies an isomorphism E2 ∼=
⊕
p,qH
p,q
∂¯
(a⊕ n). On the other hand, by Corollary 3.4, we
have an injection
Hp,q
∂¯
(a⊕ n)→ Hp,q
∂¯
(
⊕
Lβ∈L
A∗,∗(G/Γ, Lβ) ∼= E∞.
Hence the spectral sequence degenerates at E2 and the theorem follows. 
Corollary 4.2. Let B∗,∗ ⊂ A∗,∗(G/Γ) be the subDBA of A∗,∗(G/Γ) given by
Bp,q =
〈
xI ∧ α−1J βJyJ ∧ x¯K ∧ α¯−1L γLy¯L
∣∣∣ |I|+ |K| = p, |J |+ |L| = q
the restriction of βJγL on Γ is trivial
〉
.
Then the inclusion B∗,∗ ⊂ A∗,∗(G/Γ) induces a cohomology isomorphism
H∗,∗
∂¯
(B∗,∗) ∼= H∗,∗∂¯ (G/Γ).
Proof. By Lemma 2.3,
Φ(xI ∧ α−1J yJ ∧ x¯K ∧ α¯−1L y¯L ⊗ βJγLvβ−1
J
γ−1
L
) ∈ A∗,∗(G/Γ)
if and only if the restriction of βJγL on Γ is trivial. Hence we have Φ
−1(A∗,∗(G/Γ)) = B∗,∗. 
Remark 3. Suppose φ : Cn → Aut(n1,0) is a holomorphic map. Since each αj is holomorphic,
βj is trivial. Hence we have B
p,0 =
∧p,0
g
∗. Moreover if N is a complex Lie group, then
G = Cn ⋉φ N is also a complex Lie group and any element of B
1,0 = g1,0 is holomorphic and
hence ∂¯Bp,0 = 0. Hence we have an isomorphism
Hp,q(G/Γ) ∼=
p∧
g
1,0 ⊗Hq
∂¯
(B0,q).
Remark 4. We suppose the following condition:
(⋆) For multi-indices J , L, if the restriction of βJγL on Γ is trivial, then βJγL itself is trivial.
Then we have B∗,∗ ⊂ ∧∗,∗ g∗ and hence we have an isomorphism
H∗,∗
∂¯
(g) ∼= H∗,∗∂¯ (G/Γ).
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5. Examples
5.1. Example 1. Let G = C ⋉φ C
2 such that φ(x +
√−1y) =
(
ex 0
0 e−x
)
. Then for some
a ∈ R the matrix
(
ea 0
0 e−a
)
is conjugate to an element of SL(2,Z). Hence for any 0 6= b ∈ R
we have a lattice Γ = (aZ+ b
√−1Z)⋉Γ′′ such that Γ′′ is a lattice of C2. Then for a coordinate
(z1 = x+
√−1y, z2, z3) ∈ C⋉φ C2 we have
p,q∧
g
∗ =
p,q∧
〈dz1, e−xdz2, exdz3〉 ⊗ 〈dz1, e−xdz¯2, exdz¯3〉.
Since we have ex ∼ e−
√−1y, the subDBA
A∗,∗ ⊂
⊕
Lβ∈L
A∗,∗(G/Γ, Lβ)
as in Definition 3.1 is given by
Ap,q =
p,q∧
〈dz1, e−xdz2 ⊗ e−
√−1yve√−1y , e
xdz3 ⊗ e
√−1yve−√−1y 〉⊗
〈dz¯1, e−xdz¯2 ⊗ e−
√−1yve√−1y , e
xdz¯3 ⊗ e
√−1yve−√−1y 〉.
Bp,q ⊂ Ap,q(G/Γ) varies for a choice of b ∈ R as the following.
(A) If b = 2nπ for n ∈ Z, then we have:
Bp,q =
p,q∧
〈dz1, e−x−
√−1ydz2, ex+
√−1ydz3〉 ⊗ 〈dz¯1, e−x−
√−1ydz¯2, ex+
√−1ydz¯3〉.
(B) If b = (2n− 1)π for n ∈ Z, then we have:
B1,0 = 〈dz1〉, B0,1 = 〈dz¯1〉,
B2,0 = 〈dz2 ∧ dz3〉, B0,2 = 〈dz¯2 ∧ dz¯3〉,
B1,1 = 〈dz1 ∧ dz¯1, e−2x−2
√−1ydz2 ∧ dz¯2, e2x+2
√−1ydz3 ∧ dz¯3, dz2 ∧ dz¯3, dz3 ∧ dz¯2〉,
B3,0 = 〈dz1 ∧ dz2 ∧ dz3〉,
B2,1 = 〈dz2 ∧ dz3 ∧ dz¯1, e−2x−2
√−1ydz1 ∧ dz2 ∧ dz¯2,
e2x+2
√−1ydz1 ∧ dz3 ∧ dz¯3, dz1 ∧ dz2 ∧ dz¯3, dz1 ∧ dz3 ∧ dz¯2〉,
B1,2 = 〈dz1 ∧ dz¯2 ∧ dz¯3, e−2x−2
√−1ydz2 ∧ dz¯1 ∧ dz¯2,
e2x+2
√−1ydz3 ∧ dz¯1 ∧ dz¯3, dz2 ∧ dz¯3 ∧ dz¯1, dz3 ∧ dz¯2 ∧ dz¯1〉,
B0,3 = 〈dz¯1 ∧ dz¯2 ∧ dz¯3〉,
B3,1 = 〈dz1 ∧ dz2 ∧ dz3 ∧ dz¯1〉, B1,3 = 〈dz¯1 ∧ dz¯2 ∧ dz¯3 ∧ dz¯1〉,
B2,2 = 〈dz1 ∧ dz2 ∧ dz¯1 ∧ dz¯3,
e−2x−2
√−1ydz1 ∧ dz2 ∧ dz¯1 ∧ dz¯2, e2x+2
√−1ydz1 ∧ dz3 ∧ dz¯1 ∧ dz¯3,
dz2 ∧ dz3 ∧ dz¯2 ∧ dz¯3, dz1 ∧ dz3 ∧ dz¯1 ∧ dz¯2〉,
B3,2 = 〈dz2 ∧ dz3 ∧ dz¯1 ∧ dz¯2 ∧ dz¯3〉, B2,3 = 〈dz1 ∧ dz2 ∧ dz3 ∧ dz¯2 ∧ dz¯3〉,
B3,3 = 〈dz1 ∧ dz2 ∧ dz3 ∧ dz¯1 ∧ dz¯2 ∧ dz¯3〉.
(C) If b 6= nπ for any n ∈ Z, then we have:
B1,0 = 〈dz1〉, B0,1 = 〈dz¯1〉,
B2,0 = 〈dz2 ∧ dz3〉, B0,2 = 〈dz¯2 ∧ dz¯3〉,
B1,1 = 〈dz1 ∧ dz¯1, dz2 ∧ dz¯3, dz3 ∧ dz¯2〉,
B3,0 = 〈dz1 ∧ dz2 ∧ dz3〉, B2,1 = 〈dz2 ∧ dz3 ∧ dz¯1, dz1 ∧ dz2 ∧ dz¯3, dz1 ∧ dz3 ∧ dz¯2〉,
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B1,2 = 〈dz1 ∧ dz¯2 ∧ dz¯3, dz2 ∧ dz¯3 ∧ dz¯1, dz3 ∧ dz¯2 ∧ dz¯1〉, B0,3 = 〈dz¯1 ∧ dz¯2 ∧ dz¯3〉,
B3,1 = 〈dz1 ∧ dz2 ∧ dz3 ∧ dz¯1〉, B1,3 = 〈dz¯1 ∧ dz¯2 ∧ dz¯3 ∧ dz¯1〉,
B2,2 = 〈dz1 ∧ dz2 ∧ dz¯1 ∧ dz¯3, dz2 ∧ dz3 ∧ dz¯2 ∧ dz¯3, dz1 ∧ dz3 ∧ dz¯1 ∧ dz¯2〉,
B3,2 = 〈dz2 ∧ dz3 ∧ dz¯1 ∧ dz¯2 ∧ dz¯3〉, B2,3 = 〈dz1 ∧ dz2 ∧ dz3 ∧ dz¯2 ∧ dz¯3〉,
B3,3 = 〈dz1 ∧ dz2 ∧ dz3 ∧ dz¯1 ∧ dz¯2 ∧ dz¯3〉.
By Corollary 4.2, for each case we have an isomorphism Hp,q
∂¯
(G/Γ) ∼= Bp,q. Moreover con-
sidering the left-invariant Hermitian metric g = dz1dz¯1 + e
−2xdz2dz¯2 + e2xdz3dz¯3, we have
Hp,q(G/Γ) ∼= Bp,q.
Remark 5. In the case (A), the Dolbeault cohomologyH∗,∗
∂¯
(G/Γ) is isomorphic to the Dolbeault
cohomology of complex 3-torus. But G/Γ is not homeomorphic to a complex 3-torus. Moreover
considering the metric g, the space of the harmonic forms does not satisfy Hodge symmetry
(i.e. H¯p,q(G/Γ) 6= Hq,p(G/Γ)).
Remark 6. By Hattori’s result in [6], we have an isomorphism H∗(G/Γ) ∼= H∗(g) of the de
Rham cohomology of G/Γ and the Lie algebra cohomology. Hence considering the space
Hkd(g) of left-invariant d-harmonic forms of the left-invariant Hermitian metric g, we have
Hkd(g) ∼= Hkd(G/Γ). By simple computations, in the case (C) we have the Hodge decomposition
Hkd(G/Γ) =
⊕
p+q=kHp,q(G/Γ). Hence G/Γ has cohomological properties (for example the
Fro¨licher spectral sequence degenerates at E1) of compact Ka¨hler manifolds. But by Arapura’s
result (solving Benson-Gordon’s conjecture) in [1], G/Γ admits no Ka¨hler structure.
Remark 7. In the case (C), an isomorphism H∗,∗
∂¯
(g) ∼= H∗,∗∂¯ (G/Γ) holds. But in the other
cases, this isomorphism does not hold.
5.2. Example 2. Let G = C ⋉φ C
2 such that
φ(x +
√−1y) =
(
ex+
√−1y 0
0 e−x−
√−1y
)
.
Then we have a+
√−1b, c+√−1d ∈ C such that Z(a +√−1b) + Z(c +√−1d) is a lattice in
C and φ(a +
√−1b) and φ(c +√−1d) are conjugate to elements of SL(4,Z) where we regard
SL(2,C) ⊂ SL(4,R) (see [5]). Hence we have a lattice Γ = (Z(a+√−1b)+Z(c+√−1d))⋉φΓ′′
such that Γ′′ is a lattice of C2. For a coordinate (z1, z2, z3) ∈ C ⋉ C2, we have
p,q∧
g
∗ =
p,q∧
〈dz1, e−z1dz2, ez1dz3〉 ⊗ 〈dz¯1, e−z¯1dz¯2, ez¯1dz¯3〉.
We have
Ap,q
=
p,q∧
〈dz1, e−z1dz2, ez1dz3〉
⊗
〈dz¯1, e−z¯1dz¯2 ⊗ e−2
√−1y1ve2
√−1y1 , e
z¯1dz¯3 ⊗ e2
√−1y1ve−2
√−1y1 〉
for z1 = x1 +
√−1y1.
If b, d ∈ πZ, then we have
Hp,q(G/Γ) ∼= Bp,q =
p,q∧
〈dz1, e−z1dz2, ez1dz3〉 ⊗ 〈dz¯1, e−z1dz¯2, ez1dz¯3〉.
If b 6∈ πZ or c 6∈ πZ, then we have
B0,1 = 〈dz¯1〉, B0,2 = 〈dz¯2 ∧ dz¯3〉, B0,3 = 〈dz¯1 ∧ dz¯2 ∧ dz¯3〉
and
Hp,q(G/Γ) ∼= Bp,q =
p∧
〈dz1, e−z1dz2, ez1dz3〉 ⊗B0,q.
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